Abstract. Given an octonion algebra C over a field k, its automorphism group is an algebraic semisimple k-group of type G 2 . We study the maximal tori of G in terms of the algebra C.
Introduction
For classical algebraic groups, and in particular for arithmetic fields, the investigation of maximal tori is an interesting topic in the theory of algebraic groups and arithmetic groups, see the papers of Prasad-Rapinchuk [PR1, §9] , [PR2] , and also Garibaldi-Rapinchuk [GR] . It is also related to the Galois cohomology of quasi-split semisimple groups by Steinberg's section theorem; that connection is an important ingredient of the paper.
Let k be a field, let k s be a separable closure and denote by Γ k = Gal(k s /k) the absolute Galois group of k. In this paper, we study maximal tori of groups of type G 2 . We recall that a semisimple algebraic k-group G of type G 2 is the group of automorphisms of a unique octonion algebra C [KMRT, 33.24] . We come now to the following invariant of maximal tori [G1, R] . Given a k-embedding of i : T → G of a rank two torus, we have a natural action of Γ k on the root system Φ G ks , i(T ks ) and the yoga of twisted forms defines then a cohomology class type(T, i) ∈ H 1 (k, W 0 ) which is called the type of the couple (T, i). Here W 0 ∼ = Z/2Z × S 3 is the Weyl group of the Chevalley group of type G 2 . By Galois descent [KMRT, 29.9 ], a W 0 -torsor is nothing but a couple (k ′ , l) where k ′ (resp. l) is a quadratic (resp. cubic) étale k-algebra. The main problem is then the following: Given an octonion algebra C and such a couple (k ′ , l), under which additional conditions is there a k-embedding i : T → G = Aut(C) of type [(k ′ , l)] ∈ H 1 (k, W 0 ) ? We give a precise answer when the cubic extension l in not a field ( §4.4). When l is a field, we use subgroups of type A 2 of G to relate with maximal tori of special unitary groups where we can apply results of Knus, Haile, Rost and Tignol [HKRT] . This provides indeed a criterion which is quite complicated (5.2.6).
The problem above can be formulated in terms of existence of k-point for a certain homogeneous space X under G associated to k ′ , l, see [Le, §1] or §2.6. If the base field k is large enough (e.g. Q(t), Q((t))), we can construct such a variety X having a quadratic point and a cubic point but no k-point (Th. 4.5.2). This provides a new class of counterexamples to Totaro's question [To, question 0.2] .
Finally, in case of a number field, we show that this kind of varieties satisfies the Hasse principle.
Let us review the contents of the paper. In section 2, we recall the notion of type and oriented type for a k-embedding i : T → G of a maximal k-torus in a reductive k-group G. We study then the image of the map H 1 (k, T ) → H 1 (k, G) of Galois cohomology and relate in the quasi-split case with Steinberg's theorem on Galois cohomology. Section 3 gathers basic facts on octonion algebras which are used in the core of the paper, namely sections 4 and 5. The number field case is considered in the short section 6. Finally, Appendix 7 deals with the Galois cohomology of tori over Laurent serie fields and Appendix 8 completes the picture in characteristic two.
Maximal tori of reductive groups and image of the cohomology
Let G be a reductive k-group. We are interested in maximal subtori of G and also in the images of the map H 1 (k, T ) → H 1 (k, G). We shall discuss refinements of the application ot Steinberg's theorem on rational conjugacy classes to Galois cohomology.
Twisted root data.
2.1.1. Definition. In the papers [Le, 0.3.5] and [G2, 6.1] in the spirit of [SGA3] , the notion of twisted root datas is defined over an arbitrary base scheme S. We focus here on the case of the base field k and use the equivalence of categories between étales sheaves over Spec(k) and the category of Galois sets, namely sets equipped with a continuous action of the absolute Galois group Γ k .
We recall from [Sp, 7.4 ] that a root datum is a quadruple Ψ = (M, R, M ∨ , R ∨ ) where M is a lattice, M ∨ its dual, R ⊂ M a finite subset (the roots) , R ∨ a finite subset of M ∨ (the coroots) and a bijection α → α ∨ of R onto R ∨ which satisfy the next axioms (RD1) and (RD2).
For each α ∈ R, we define endomorphisms s α of M and s (RD1) For each α ∈ R, α, α ∨ = 2;
(RD2) For each α ∈ R, s α (R) = R and s
We denote by W (Ψ) the subgroup of Aut(M) generated by the s α , it is called the Weyl group of Ψ.
Isomorphisms, orientation. An isomorphism of root data Ψ
. We define the set of exteriors (or outer) isomorphisms Autext(Ψ 1 , Ψ 2 ) by Autext(Ψ 1 , Ψ 2 ) = W (Ψ 2 )\ Isom(Ψ 1 , Ψ 2 ) which is isomorphic to Isom(Ψ 1 , Ψ 2 )/W (Ψ 1 ).
An orientation u between Ψ 1 and Ψ 2 is an element u ∈ Autext(Ψ 1 , Ψ 2 ). We can then define the set Isomint u (Ψ 1 , Ψ 2 ) of inner automorphisms with respect to the orientation u as the preimage of u by the projection Isom(
We denote by Aut(Ψ) the group of automorphisms of the root datum Ψ and we have an exact sequence
The choice of an ordering on the roots permits to define a set of positive roots Ψ + , its basis and the Dynkin index Dyn(Ψ) of Ψ. Furthermore, we have an isomorphism Aut(Ψ, Ψ + ) ∼ −→ Out(Ψ) so that the above sequence is split.
Twisted version.
A twisted root datum is a root datum equipped with a continuous action of Γ k . To distinguish with the absolute case, we shall use the notation Ψ. The Weyl group W (Ψ) is then a finite group equipped with an action of Γ k . If Ψ 1 , Ψ 2 are two twisted root data, the sets Isom(Ψ 1 , Ψ 2 ), Isomext(Ψ 1 , Ψ 2 ) are Galois sets. An orientation between Ψ 1 , Ψ 2 is an element u ∈ Isomext(Ψ 1 , Ψ 2 )(k) and the set Isomint u (Ψ 1 , Ψ 2 ) is then a Galois set.
2.2. Type of a maximal torus. We denote by G 0 the split form of G. We denote by T 0 a maximal k-split torus of G 0 and by Ψ 0 = Ψ(G 0 , T 0 ) the associated root datum. We denote by W 0 the Weyl group of Φ 0 and by Aut(Ψ 0 ) its automorphism group.
Let i : T → G be a k-embedding as a maximal torus. The root datum Ψ(G, i(T )) = Ψ(G(T ) ks , i(T ) ks ) is equipped with an action of the absolute Galois group Γ k , so defines a twisted root datum. It is a k-form of the constant root datum Ψ 0 and we define the type of (T, i) as the isomorphism class of
Recall that by Galois descent, those k s /k-forms are classified by the Galois cohomology pointed set H 1 (k, Aut(Ψ 0 )). If two embeddings i, j have the same image, then type(
Remark 2.2.1. If G is semisimple and has no outer isomorphism (and it is the case for groups of type G 2 ), W 0 = Aut(Ψ 0 ) and the next considerations will not add anything.
We would like to have an invariant with value in the Galois cohomology of some Weyl group. The strategy is to "rigidify" by adding an extra data to i : T → G, namely an orientation with respect to a quasi-split form of G.
Given a k-embedding i : T → G, we denote by Dyn(G, i(T )) the Dynkin diagram k-scheme of Ψ(G, i(T )); it is finite étale and then encoded in the Galois set Dyn(G ks , i(T ) ks ). There is a canonical isomorphism:
its Weyl group which is a twisted constant finite k-group. Suppose that G is semisimple simply connected or adjoint. We fix then an iso-
. For G semisimple simply connected or adjoint, the isomorphismṽ defines equivalently an orientation
Then the Galois set Isomint
is called the oriented type of i : T → G with respect to the orientation v. It is denoted by type v (T, i) and we bear in mind that it depends of the choice of G ′ and of v.
2.3.
The quasi-split case. We deal here with the quasi-split k-group G ′ and with the exact sequence
Here we have a canonical isomorphism id : Dyn(G ′ ) ∼ = Dyn(G ′ ) and then a natural way to define an orientation for a k-embedding j : E → G ′ of a maximal k-torus. Keeping the notations above, let us state the following result.
Theorem 2.3.1. (Kottwitz) (1) The map Ker
In Kottwitz's paper, the result occurs only as a result on embeddings of maximal tori [K, cor. 2] . It was rediscovered by Raghunathan [R] and independently by the second author [G1] . The proof of (1) uses Steinberg's theorem on rational conjugacy classes and we can explain quickly how one can derive (2) from (1). Given γ ∈ H 1 (k, W ′ ), assertion (1) provides a principal homogenous space P under
Then φ induces a trivialization at the level of twisted k-groups φ * :
2.4. Image of the cohomology of tori. We give now a slightly more precise form of Steinberg's theorem [St, th. 11 .1], see also [Se, III.2.3] .
In the result, the first orientation is the canonical one, namely arising from the canonical isomorphism Dyn(
Proof. If the base field is finite, there is nothing to do since H 1 (k, G ′ ) = 1 by Lang's theorem. We can then assume than k is infinite. We denote by P (z) the G ′ -homogeneous space defined by z and by φ :
. This conjugacy class is rational in the sense that it is stabilized by
σ for each σ ∈ Γ k . According to Steinberg [St, 10.1] (and [BoS, 8.6 ] in the non perfect case), C ∩ (G ′ ) sc (k) is not empty, so that there exists g
. It remains to show the equality on the oriented types. By the rigidity trick (see proof of prop. 3.2 in [G1] ), up to replace k by the function field of the T 1 -torsor defined by a, we can assume that
, such that the following diagram commutes
2.5. Image of the cohomology of tori, II. We recall the following well-known facts.
Lemma 2.5.1. Let H be a reductive k-group and T be a k-torus of same rank as H.
Proof. For any σ ∈ Γ and any t ∈ T (k s ), we have j(
Lemma 2.5.2. Let H be a reductive k-group and let T be a k-torus of same rank as H.
Proposition 2.5.3. Let T be a k-torus of same rank as G.
Proof. Let T 1 = i 1 (T ) and T 2 = i 2 (T ) and again put
To see that j is indeed defined over k, we check as follows:
By our construction, we have j(T ) = i 1 (T ) and i 2 , j are conjugated.
Then f is an automorphism of T and i 1 = j • f . Hence the images of i 1, * and j * coincide. By Lemma 2.5.2, the images of j and i 2, * coincide.
This applies to the quasi-split case and enables us to slightly refine Theorem 2.4.1. 
is onto.
2.6. Varieties of embedding K-tori. Let T be a k-torus and Ψ be a twisted root datum of Ψ 0 attached to T , i.e. the character group of T is isomorphic to the character group encoded in Ψ. In this section, we will define a k-variety X such that the existence of a k-point of X is equivalent to the existence of a k-embedding of T into G with respect to Ψ. We start with a functor. The embedding functor E(G, Ψ) is defined as follows: for any k-algebra C,
f is both a closed immersion and a group homomorphism which induces an isomorphism
In fact, the functor E(Ψ, G) is representable by a k-scheme.
we define the oriented embedding functor as follows: for any k-algebra C,
, and the image of f
We have the following result:
Theorem 2.6.1. In the sense of the étale topology, E(G, Ψ, v) is a left homogeneous space under the adjoint action of G, and a torsor over the variety of the maximal tori of G under the right W (Ψ)-action. Moreover, E(G, Ψ, v) is representable by an affine k-scheme.
Proof. We refer to Theorem 1.6 of [Le] .
Remark 2.6.2. We sketch another way to prove Theorem 2.4.1. With the notions of that result, let
We denote by X (resp. X ′ ) the k-variety of oriented embeddings of T in G (resp. G ′ ) with respect to Ψ and v (resp. v ′ ). Note that G ′ acts on X ′ and we have a natural isomorphism X
In the other hand, the embedding i
Generalities on octonion algebras
Let C be an octonion algebra. We denote by G the automorphism group of C, it is a semisimple k-group of type G 2 . We denote by N C the norm of C, it is 3-fold Pfister form. In particular, N C is hyperbolic (equivalently isotropic) iff G is split (equivalently isotropic).
3.1. Behaviour under field extensions. If l/k is an odd field extension, the Springer odd extension theorem [EKM, 18.5 ] implies that C is split if and only if C l is split. More generally, since C splits after a quadratic extension, we have the following splitting criterion.
Lemma 3.1.1. Let (k j ) j=1,..,n be a family of finite field extensions of coprime degree, that is g.c.d.([k j : k]) = 1. Then C is split if and only if C k j is split for j = 1, .., n.
We recall also the behaviour with respect to quadratic étale extensions.
Lemma 3.1.2. Let k ′ /k be a quadratic étale extension. Then the following are equivalent:
(iii) There exists a embedding of unital composition k-algebra k ′ → C.
Proof. If C is split, all three facts hold so that we can assume that C is not split.
Since C is not split, il follows that k ′ is a field. Since N C is split over k ′ , there exists a non-trivial and non-degenerate symmetric bilinear form B such that EKM, 34.8] . Since N C is multiplicative, there is an
(ii) =⇒ (iii) : Since the orthogonal group O(N C )(k) acts transitively on the sphere {x ∈ C | N C (x) = 1}, we can assume that our isometry (k
3.2. Cayley-Dickson process. We know that C, up to k-isomorphic, can be obtained by the Cayley-Dickson doubling process, that is C ∼ = C(Q, c) = Q ⊕ Qa where Q is a k-quaternion algebra and c ∈ k × [SV, 1.5]. We denote by σ Q = trd Q −id Q the canonical involution of Q and recall that the multiplicativity rule (resp. the norm N C , the canonical involution σ C ) is given by
Then N C is isometric to the 3-Pfister form n Q ⊗ 1, −c and that form determines the octonion algebra [SV, 1.7.3] . Also it provides an embedding j of the k-group
Another corollary of the determination of an octonion algebra by its norm is the following well-known fact.
Corollary 3.2.1. Let C be a octonion k-algebra and let Q be a quaternion algebra. Then the following are equivalent (i) There exists c ∈ k × such that C ∼ = C(Q, c);
By the linkage propery of Pfister forms [EKM, 24.1 . (1)], there exists a bilinear 1-Pfister form φ such that N C ∼ = N Q ⊗ φ. Since N C represents 1, we can assume that φ represents 1 so that φ ∼ = 1, −c . Therefore C and C(Q, c) have isometric norms and are isomorphic.
Remark 3.2.2. In odd characteristic, Hooda provided an alternative proof, see [H, th. 4.3] and also a nice generalization (ibid, prop. 4.2).
Lemma 3.2.3. Let C be a non-split octonion k-algebra. If D ⊆ C is a unital composition subalgebra and u ∈ C \ D then D ⊕ Du is a unital composition subalgebra as well.
Proof. Since C is non-split the corresponding norm map N C is anisotropic. Let b C be the polar map of N C . Since the map x → b C (u, x) is linear and the restriction of
We relate the Cayley-Dickson's decomposition with subroups of G.
Proof. We start with a few observations on the split case G = G 0 = Aut(C 0 ) where we have the k-subgroup H 0 = SL 2 × SL 2 /µ 2 acting on C 0 . The root subsystem Φ(H 0 , T 0 ) is Zα 1 ⊕Z α so that the first (resp. the second) factor SL 2 of H 0 corresponds to a short (resp. long) root. We denote by H 0,< ∼ = SL 2 (resp. H 0,> ) the "short" subgroup (resp. the "long" one) of H 0 . Taking the decomposition
In other words, we can recover the composition subalgebra M 2 (k) of C 0 from H 0 .
We come now to our problem. We are given a k-subgroup H of G = Aut(C) of type A 1 × A 1 . Let T be a maximal k-torus of H. Then the root system Φ(H ks , T ks ) is a subsystem of Φ(G ks , T ks ) ∼ = Ψ 0 of type A 1 ×A 1 . Since all subsystems of type A 1 ×A 1 of Ψ 0 are conjugated under W 0 , it follows that we can define by Galois descent the k-subgroups H < and H > of H. We define then Q = (C)
H> . By Galois descent, it is a quaternion subalgebra of C which is normalized by H. It leads to a Cayley-Dickson decomposition C = Q ⊕ L where L is the orthogonal complement of Q in C. Then L is a right Q-module and we choose a ∈ L such that L = Qa. The k-subgroup H(Q) of Aut(C) is nothing but Aut(C, Q) [SV, §2.1], so we have H ⊆ H(Q). For dimension reasons, we conclude that H = H(Q) as desired.
4. Embedding a torus in a group of type G 2
We assume that G is a semisimple k-group of type G 2 . As before in section 2, we denote by G 0 its split form; T 0 , W 0 , etc...
4.1.
On the dihedral group. In this case W 0 = Aut(Ψ 0 ) and W 0 = D 6 = Z/6Z ⋊ Z/2Z = C 2 × S 3 is the dihedral group of order 12. More precisely C 2 = c stands for its center. The right way to see it is by its action on the root system Ψ(G 0 , T 0 ) ⊂ T 0 = Zα 1 ⊕ Zα 2 = Z 2 as provided by the following picture
where α 1 , α 2 stand for a base of the root system G 2 and α = 3α 1 + 2α 2 .
Let
be an orthonormal basis of Q 3 . We can view the root space of G 2 as the hyperplane in Q 3 defined by
ξ i = 0 , and identify α 1 , α 2 with ε 1 − ε 2 and −2ε 1 + ε 2 + ε 3 respectively. ( [Bou] Planche IX). For a root α, let s α be the reflection orthogonal to α. Under the above identification, the element c = s 2α 1 +α 2 s α 2 acts on the roots by −id and S 3 = s α 1 , s 2α 1 +α 2 acts by permuting the ε i 's. Note that although s 2α 1 +α 2 s α 2 acts on the subspace
. Also we observe that T 0 is a sublattice of index 2 of the lattice Z
. It is related to the fact that the morphism SL 2 × SL 2 → G 0 defined by the coroots α ∨ 1 and α ∨ has kernel the diagonal subgroup µ 2 .
Remark 4.1.1. In the G 2 root system, for any long root β and any short root α orthogonal to β, we have s α • s β = c. Also we observe that T 0 is a sublattice of index 2 of the lattice
. It is related to the fact that the morphism SL 2 × SL 2 → G 0 defined by the coroots α ∨ and β ∨ has kernel the diagonal subgroup µ 2 .
Zǫ i be a W 0 -lattice, where the S 3 -component of W 0 acts by permuting the ǫ i 's and the center acts by −id. Note that G is of type G 2 , so G is both adjoint and simply connected and the dual group of G is isomorphic to G itself. Hence we have the following exact sequence of W 0 -lattices, where W 0 acts on Z through its center Z/2Z by −id:
where f (α 1 ) = ǫ 1 − ǫ 2 and f (α 2 ) = −2ǫ 1 + ǫ 2 + ǫ 3 . We also consider its dual sequence:
4.2. Subtori. We have
Hence a class of
where k ′ is a quadratic étale extension of k and l/k is a cubic étale extension of k. Given such a couple (k ′ , l), we put l ′ = l ⊗ k k ′ and define the k-torus
Lemma 4.2.1. Let T be a k-torus of rank two and let i : T → G be a k-embedding such that type(T, i) = (k ′ , l) .
(1) The k-torus T is k-isomorphic to T (k ′ ,l) .
(2) If there exists a quadratic étale algebra l 2 such that l = k × l 2 , then there is a k-isomorphism
Proof.
(1) We have W 0 = Z/2Z × S 3 and from the subsection 4.1, we have a W 0 -resolution
It follows that T 0 is isomorphic to the W 0 -module
Ze i / (1, 1, 1) where S 3 acts by permuting the indices and Z/2Z acts trivially. Note that as Z-lattices, we can identify N with T 0 . Let M = N ⊕ N and equip M with a W 0 -action: S 3 acts on N diagonally and Z/2Z acts on M by exchanging the two copies of N. Embed N diagonally into M and we get the following exact sequence of W 0 -modules:
where f (x) = (x, x) and g(x, y) = x − y. After twisting the above exact sequence by
and taking the corresponding tori we have the following:
Hence T is nothing but the k-torus T (k ′ ,l) .
(2) If l = k × l 2 , then there is an injective homomorphism ι : Z/2Z → S 3 and a class
. Let α be a short root such that the corresponding reflection s α is ι(−1), and let β be a long root orthogonal to α. As we mentioned in Remark 4.1.1, the center of W 0 is generated by s α • s β . Therefore, the image of the map
is generated by {s α , s β }. Let us call it W (k ′ ,l 2 ) . Let H 0 ≃ SL 2 × k SL 2 /µ 2 be the subgroup of G 0 generated by T 0 and the root groups associated to ±α and ±β. Then H 0 is of type A 1 × A 1 and the Weyl group of H 0 with respect to T 0 is exactly
) is isomorphic to x (G 0 , T 0 ). Moreover, the embedding i factorizes through H = x (H 0 ). Let the first (resp. second) copy of SL 2 of H 0 correspond to the root group ±β (resp. ±α). Let π be the projection from
Lemma 4.2.2. (1) We have an exact sequence
and the right handside map splits.
(2) Assume that k ′ and l are fields. Then
(1) The Hilbert 90 theorem produces an isomorphism
Combined with the Shapiro isomorphism, we get an isomorphism
. By reporting these two facts, the long exact sequence of Galois cohomology reads
of Galois modules where
It gives rise to the long exact sequence of groups
We consider the exact sequence 0 → I l/k → Coind l k (Z) → Z → 0 and the corresponding sequence
In the other hand, we have
is the multiplication by 2 on Z/3Z hence is injective. By using the starting exact sequence, we conclude that H 1 k, T 0 = 0 as desired.
A necessary condition.
There is a basic restriction on the types of maximal tori of G.
Proposition 4.3.1.
(1) Let T be a k-torus of rank two and let i : T → G be a k-embedding such that type(
(2) Assume that l = k × k × k. Then the following are equivalent: (i) There exists a k-embedding i : T → G of a rank two torus T such that
(1) Since G is of type G 2 , it is equivalent to show that G × k k ′ is isotropic. We may assume than T = T (k ′ ,l) . We consider firstly the case when l = k × l 2 where l 2 is a quadratic étale k-algebra. Then we have
′ is isotropic. It remains to consider the case when the cubic extension l is a field. From the first case, we see that G l ′ is split. In other words the k
If G is split, (i) holds according to Theorem 2.3.1. We may assume then G is not split, hence anisotropic. In particular, k is is infinite. Since G k ′ splits, k ′ is a field and we denote by σ : k ′ → k ′ the conjugacy automorphism. We use now some classical trick. Since 4.4. The biquadratic case. In the dihedral group D 6 ⊂ GL 2 (Z), it is convenient to change of coordinates by considering the diagonal subgroup (Z/2Z)
We are interested in the case when the class of (k ′ , l) belongs to the image of
In terms of étale algebras, it rephrases by saying that there are quadratic étale k-algebras
. We call that case the biquadratic case.
In that case,
Proposition 4.4.1. Let k 1 , k 2 be quadratic étale k-algebras and denote by χ 1 , χ 2 ∈ H 1 (k, Z/2Z) their class. We consider the couple (k
We denote by Ψ = Ψ (k ′ ,l) the twist of Ψ 0 by the W 0 -torsor attached to (k ′ , l) and by X the G-homogeneous space of k-embbedings of maximal tori in G with respect to Ψ. (a) The following are equivalent:
(
(3) C admits a quaternion subalgebra Q such that there exists c ∈ k × satisfying
(b) If the k-variety X has a zero-cycle of degree one then it has a k-point.
Proof. a) If C is split, the statement is trivial since the three assertions hold. We can then assume than C is non split. We choose scalars a 1 , a 2 ∈ k such that k j ∼ = k[t]/t 2 − a j for j = 1, 2 if k is odd characteristic and k j ∼ = k[t]/t 2 + t + a j in the characteristic two case.
(1) =⇒ (2):
Then T k j is isotropic so that G k j is isotropic, hence split for j = 1, 2. We conclude that C k j is split for j = 1, 2.
(2) =⇒ (3): We shall construct a quaternion subalgebra Q of C which contains k 1 and k 2 . Since C k j splits for j = 1, 2, we know that k j embeds in C as unital composition subalgebra (Lemma 3.1.2). If k 1 = k 2 then Q can be obtained from k 1 by the doubling process from [SV, Proposition 1.2.3 ]. So we can assume than k 1 = k 2 . Let x ∈ k 2 \ k 1 . Then Lemma 3.2.3 shows that Q = k 1 ⊕ k 1 x is a unital composition subalgebra of C. It is of dimension 4 so is a quaternion subalgebra which contains k 1 and k 2 . The common slot lemma ( [La, 4.13] in odd characteristic, Proposition 8.1 in characteristic two) yields that there exists
(3) =⇒ (1): We have that C ∼ = C(Q, c), so we get an embedding (b) We assume that X has a 0-cycle of degree one, i.e. there are finite field extensions K 1 , . . . , K r of k with coprime degrees such that X(
is split for i = 1, .., r. By splitting the extensions k 1 ⊗ K i , we get fields extension L 1 , ..., L m of k 1 of coprime degree which splits C k 1 . Hence C k 1 is split by Lemma 3.1.1 and similarly C k 2 is split. By (1), we conclude that X(k) = ∅.
Remark 4.4.2. Take k = R and let C be the "anisotropic" Cayley algebra. We consider the couple (k ′ , l) = (C, R × C). In this case, we have χ 1 = 0 and χ 2 = 0. Then the condition (2) is not satisfied, so that there is no R-embedding of a maximal torus of type (k ′ , l). However, G k ′ splits and this example shows that only the direct implication holds in Proposition 4.3.1.(1). The only possible type is then [(C, R
3 )] which is realized according to Proposition 4.3.1.(2).
We can now provide a description of such maximal tori.
Proposition 4.4.3. Let k 1 , k 2 be quadratic étale k-algebras. We consider the couple
and we assume that C is split by k 1 and k 2 . We put
Then there exists a quaternion subalgebra Q of C containing k 1 and k 2 and a Cayley-Dickson decomposition C ∼ = C(Q, c) such that i : T → G ∼ = Aut (C(Q, c) ) factorizes by the k-subgroup SL 1 (Q) × SL 1 (Q) /µ 2 of Aut (C(Q, c) ).
Proof. Case k 1 ⊗ k k 2 is a field. we denote by Γ = Z/2Z × Z/2Z the Galois group of the biquadratic extension k 1 ⊗ k k 2 . This group acts on the root system Φ(G ks , i(T ks )) through a W 0 -conjugate of the standard subgroup Z/2Z × Z/2Z of W 0 generated by the central symmetry and the symmetry with the horizontal axis (see figure in §4.1). It follows that Γ stabilizes a subroot system Φ 1 of type A 1 × A 1 of Φ(G ks , T ks ). By Galois descent, the k s -subgroup generated by the root subgroups of Φ 1 descends to a k-subgroup H of G which is semisimple of type A 1 × A 1 . Lemma 3.2.4 shows that there is a Cayley-Dickson's decomposition C = Q ⊕ Q.a such that H = H(Q). We have then a factorization of i :
The other cases (k 1 or k 2 split, k 1 = k 2 ) are simpler of the same flavour and left to the reader.
The "equal discriminant case" of the last proposition was an easy one and can be pushed further as follows.
Corollary 4.4.4. Let k ′ /k be a quadratic étale algebra and let l be a cubic étale
Proof. Assume firstly that l is not a field, so that l ∼ = k × k ′ . Then Proposition 4.4.1 yields that C is split by the quadratic étale extension k 1 which satisfies
If l is a field, the octonion l-algebra C l admits a maximal l-torus of type
, the first case shows that C l is split. We conclude that C is split by Lemma 3.1.1. 4.5. The cubic field case: a first example. Beyond the previous "equal discriminant case", the embedding problem for a given octonion algebra C and a couple (k ′ , l) whenever l is a cubic field is much more complicated. We shall investigate firstly specific examples over Laurent serie fields. The property to carry a maximal torus of "cubic type" encodes information on the relevant k-group. The next fact is inpirated by similar considerations on central simple algebras noticed by Chernousov/Rapinchuk/Rapinchuk [CRR, §2] .
Lemma 4.5.1. Put K = k((t)) and let G/K be a semisimple K-group of type G 2 . Consider a couple (k ′ , l) such that k ′ /k is a quadratic étale extension over k and l/k is a cubic field separable extension. If the K-torus
Florence [F] where stabilizers are finite and non-commutative and Parimala [Pa] where stabilizers are parabolic subgroups.
Cubic extensions and hermitian forms
Our goal is to investigate further the cubic case by using results of Haile-KnusRost-Tignol on hermitian 3-forms [HKRT] .
Let C be an octonion algebra over k and put G = Aut(C). Let i : T → G be a k-embedding of a rank 2 torus and we denote by [(k ′ , l)] its type. We denote by Φ G ks , i(T ks ) > the subset of long roots of the root system Φ G ks , i(T ks ) . Then Φ G ks , i(T ks ) > is a root system of type A 2 and is Γ k -stable, hence defines a twisted datum. We consider the k s -subgroup of G ks generated by T ks and the root groups attached to elements of Φ G ks , i(T ks ) > , it is a semisimple simply connected of type A 2 and descends to a semisimple k-group J(T, i) of G. Our goal is to study such embeddings (T, i) by means of the subgroup J(T, i).
We shall see in the sequel that such a k-group J(T, i) is a special unitary group form some hermitian 3-form for k ′ /k. it descends to a k-subgroup µ T of T . We claim that
For checking that fact, it is harmless to assume that k is algebraically closed. For simplicity, we put SGA3, XIX.1.10.3] ; it follows that µ T ∼ = µ 3 and that J ⊆ Z G µ T . Since J is a semisimple subgroup of maximal rank of G, the Borel/de Siebenthal's theorem provides a k-subgroup µ n of T such that
5.1. Rank 3 hermitian forms and octonions. Let k ′ /k be a quadratic étale algebra. From a construction of Jacobson [J, §5] (see [KPS, §6] for the generalization to an arbitrary base field), we recall that we can attach to a rank 3 hermitian form (E, h) (for k ′ /k)) with trivial (hermitian) discriminant an octonion k-
. We denote by J(k ′ , E, h) this k-subgroup and we observe that k ′ is the k-vector subspace of C(k ′ , E, h) of fixed points for the action of
In a converse way (see [KMRT, exercise 6.(b) page 508])), if we are given an embedding of unital composition k-algebra k ′ → C, we denote by E the orthogonal subspace of k ′ for N C . For any x, y ∈ k ′ and z ∈ E, we have 0 = xy, z C = y, σ C (x) z C by using the identity [SV, 1.3.2] , so that the multiplication C ×C → C induces a bilinear k-map k ′ × E → E. Then E has a natural k ′ -structure and the restriction of N C to E defines a hermitian form h (of trivial discriminant) such that C = C(k ′ , E, h). Furthermore, if we have two subfields k
. We postpone the surjectivity.
(2) Now by the "Skolem-Noether property" [KMRT, 33.21] , the Galois action σ : k ′ → k ′ extends to an element g ∈ G(k). Given u ∈ J(k), gug −1 is an element of G(k) which acts trivially on k ′ , so belongs to J(k). Since it holds for any field extension of k, we have that g ∈ N G (J)(k). We conclude that the map N G (J) → Z/2Z is surjective and that the induced action of Z/2Z on k ′ is the Galois action.
We have a similar statement as Lemma 3.2.4.
Lemma 5.1.3. Let C be an octonion algebra and put G = Aut(C). Let J be a semisimple k-subgroup of type A 2 and we denote by k ′ /k the quadratic étale algebra attached to the quasi-split form of J.
Then there exists a rank 3 hermitian form (E, h) for
Proof. Since all subsystems of type A 2 of G 2 , which consists of long roots, are conjugated under the Weyl group, the split group G 0 of type G 2 has one single conjugacy G 0 (k)-class of k-subgroups isomorphic to SL 3 . It follows that the couple (G, J) is isomorphic over k s to the couple (G 0 , J 0 ). In particular, by Galois descent, the subspace of fixed points of J on C is an étale subalgebra l of rank 2 which is a unital composition subalgebra of C. We define then the orthogonal subspace E of l in C. Then E has a natural structure of l-vector space and carries a hermitian form h of trivial (hermitian) discriminant such that C(l, E, h) = C (see [KMRT, exercise 6.(b) page 508]). But J acts trivially on l, so that J ⊆ J(l, E, h) By dimension reasons, we conclude that J = J(l, E, h). Then l/k is the discriminant étale algebra of J hence k ′ = l.
Remark 5.1.4. In characteristic = 2, 3, the statement is due to Hooda [H, th. 4.4] with a quite different proof.
Embedding maximal tori.
From now on, we assume for simplicity than the characteristic exponent of k is odd.
Lemma 5.2.1. Let G = Aut(C) be a semisimple k-group of type G 2 . Let k ′ (resp. l) be a quadratic (resp. cubic) étale extension of k. Let i : T → G be a k-embedding of a maximal k-torus such that type(T, i) = [(k ′ , l)] and denote by J(T, i) the associated k-subgroup of G.
(1) The discriminant extension of J(T, i) is k ′ /k. (2) By Lemma 5.1.3, we can write C = C(k ′ , E, h) and identify J(T, i) with
with respect to the conjugacy involution σ ⊗ id on k ′ ⊗ k l and the involution τ h attached to h.
(1) We put J = J(T, i). We consider the Galois action on the root system Ψ G ks , i(T ) ks and its subroot system Ψ J ks , i(T ) ks = Ψ G ks , i(T ) ks > . It is given by a map f :
Since the Weyl group of Ψ J ks , i(T ) ks is S 3 , it follows that the ⋆-action of Γ k on the Dynkin diagram A 2 is the projection
. By [Le, th 1.15 . (2)], there is a
Proposition 5.2.2. Let G = Aut(C) be a semisimple k-group of type G 2 . Let k ′ (resp. l) be a quadratic (resp. cubic) étale extension of k. We denote by X the variety of k-embedding of maximal tori in G attached to the twist of Ψ 0 by (k ′ , l) (seen as a W 0 -torsor). The following are equivalent:
with respect to the conjugacy involution on k ′ and the involution τ h attached to h.
(iii) there exists a rank 3 hermitian form
By [Le, th 1.15.(2) ], there is a k-embedding i : T → SU(k ′ , E, k) of maximal torus whose absolute type (with respect to
given by proposition 1.4.1 of [BLP] .
Let B be a central simple algebra over k ′ with an involution σ of the second kind. Let Trd be the reduced trace on B. Let (B, σ) + be the k-vector space of σ-symmetric elements of B. Let Q σ be the quadratic form on (B, σ) + defined by Q σ (x, y) = Trd(xy). In the rest of this section, we assume that the characteristic of k is different from 2,3. Let us recall some results in [HKRT] .
Lemma 5.2.3. Let B be a central simple K-algebra odd degree n = 2m − 1 with involution σ of the second kind. There is a quadratic form q σ of dimension n(n − 1)/2 and trivial discriminant over k such that
Proof. We refer to Proposition 4 in [HKRT] . Proof. Suppose that there is a k-embedding i :
, and there exists an embedding ι : k ′ ⊗ k l → End k ′ (E) with respect to the conjugacy involution on k ′ and the involution τ h attached to h. By [HKRT, Corollary 12] , we can find
Conversely, suppose that (i) and (ii) hold. By Proposition 5.2.2 (2), it suffices to prove that there is a k-embedding of l into (M 3 (k ′ ), τ h ) + . Note that every cubic étale extension l over k can be embedded into M 3 (k ′ ) as k-algebras. By Corollary 14 in [HKRT] , for every λ ∈ l × such that N l/k (λ) ∈ k × 2 , there is an involution σ of the second kind on M 3 (k ′ ) leaving l elementwise invariant such that
Condition (ii) implies that we can choose λ so that Q σ and Q τ h are isometric. By Theorem 5.2.4, the involutions σ and τ h are isomorphic and hence there is a k-
Hasse principle
We assume that the base field k is a number field.
Proposition 6.1. Let (k ′ , l) be a couple where k ′ is a quadratic field extension and l/k is a cubic extension. Let G be a semisimple k-group of type G 2 and let X be the G-homogeneous space of the embeddings of maximal tori with respect to the type [(k ′ , l)]. Then X satisfies the Hasse principle.
Proof. Since G 0 is simply connected, we have H 1 (k v , G 0 ) = 1 for each finite place v of k. The Hasse principle states that the map
is not empty (th. 2.3.1), so we may assume that G is not split. By [Le, prop. 2.8] , X(k) is not empty iff the Borovoi obstruction
There is a real place v such that G kv is not split and then k v -anisotropic. Since there is a k v -embedding of
is k v -anisotropic. By a lemma due do Kneser [Sa, lemme 1.9 .3], we know that 0 = X 2 (k, T (k ′ ,l) ) = 0, so that γ = 0. Thus X(k) = ∅.
Remark 6.2. Under the hypothesis of Proposition 6.1, the existence of a k-point on X is controlled by Borovoi obstruction. It follows from the restriction-corestriction principle in Galois cohomology that X has a k-point if and only X has a 0-cycle of for each j ≥ 0. The
′ -vector space equipped with a semi-linear action, hence is Γ-acyclic 1 According to the limit fact [GS, 6.3 .2], we conclude that the specialization map
is an isomorphism. We have then a split exact sequence
Since H 1 k ′ , T 0 = 0, we have H 1 Γ, T 0 ∼ −→ H 1 k, T 0 whence the desired exact sequence.
Appendix: characteristic two issues
This appendix gathers facts used in the paper on composition algebras we did not find in the literature. Let k be a field of characteristic 2. We start with the "Common Slot lemma". Given a ∈ k, b ∈ k × , we denote by [a, b) the quaternion algebra of presentation Proof. We may assume that Q ∼ = M 2 (k), so N Q is anisotropic, for otherwise we can simply take b = 1. Let b Q be the polar form associated to N Q , that is b Q (x, y) = N Q (x + y) − N Q (x) − N Q (y). Proof. We may assume that Q is not split, i.e. Q ∼ = M 2 (k), for otherwise we can simply take a = 0. We have N Q ∼ = [1, a i ] ⊥ b i [1, a i ] relative to some basis 1, x i , y i , x i y i , in the case of (ii) we have N Q ∼ = [1, a i b i ] ⊥ [a i , b i ] relative to some basis 1, x i y i , x i , y i . In both cases N Q (y i ) = b i and e ⊥ y i for i = 1, 2. We also have y i / ∈ ke. Then we can use the postponed Lemma 8.3 and we can choose y 1 , y 2 ∈ e ⊥ \ ke such that N Q (y i ) = b i 1 Speiser's lemma shows that V j /V j+1 = E j ⊗ k k ′ for a k-vector space E j on which Γ acts trivially.
with the additional property that y 1 ⊥ y 2 . We cannot have y 2 ∈ e, y 1 for this would imply that y 2 ⊥ y 1 . Thus e, y 1 , y 2 are linear independent. By the regularity of b Q there is some x ∈ Q with b Q (x, e) = 1 and b C (x, y 1 ) = b C (x, y 2 ) = 0. Let a = N Q (x). Since b Q (x, e) = 1, by [SV, prop. 1 Lemma 8.3. Let C be a unital composition k-algebra. Let b 1 , b 2 ∈ k. If there are y 1 , y 2 ∈ e ⊥ \ ke with N C (y i ) = b i then such y 1 , y 2 can be chosen with the additional property that y 1 ⊥ y 2 .
Proof. Assume that y 1 ⊥ y 2 . First we prove that there is some u ∈ C with u ⊥ e but u ⊥ y 1 , y 2 . If e, y 1 , y 2 are not linearly independent then y 2 = αe + βy 1 for some α, β ∈ k, β = 0. (We have y 1 , y 2 / ∈ ke.) By the regularity of b C there is some u ∈ C with b C (u, e) = 0 and b C (u, y 1 ) = 1. Then we also have b(u, y 2 ) = β = 0 so u ⊥ e and u ⊥ y 1 , y 2 . If e, y 1 , y 2 are linearly independent then, again by the regularity of b C , there is u ∈ C with b C (u, e) = 0 and b C (u, y 1 ) = b C (u, y 2 ) = 1 and again u ⊥ e and u ⊥ y 1 , y 2 . If N C (u) = 0 then let u ′ = u + e. Since e ⊥ e, y 1 , y 2 and u ⊥ e, u ⊥ y 1 , y 2 we have u ′ ⊥ e, u ′ ⊥ y 1 , y 2 . However N C (u ′ ) = N C (u) + N C (e) = 1 = 0. So we may assume that N C (u) = 0 and we may consider the orthogonal reflection σ ∈ O(N C )(k) given by x → x + b c (u, x)N C (u) −1 u. Let y 
